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Localized Modes in Optics of Chiral
Liquid Crystals

V. A. BELYAKOV*

Landau Institute for Theoretical Physics, Moscow, Russia

The localized opical modes in photonic liquid crystals are studied for the certainty
at the example of chiral liquid crystals (CLCs). The chosen here model (absence of
dielectric interfaces in the studied structures) allows one to get rid off the polarization
mixing at the surfaces of the CLC layer and the defect structure (DMS) and to reduce
the corresponding equations to the equations for the light of diffracting in the CLC
polarization only. The dispersion equations determining connection of the EM and
DM frequencies with the CLC layer parameters and other parameters of the DMS are
obtained. Analytic expressions for the transmission and reflection coefficients of the
DMS are presented and analyzed. As specific cases are considered DMS with an active
(i.e. transforming the light intensity or polarization) defect layer and CLC layers with
locally anisotropic absorption. It is shown that the active layer (excluding an amplifying
one) reduces the DM lifetime (and increase the lasing threshold) in comparison with
the case of DM at an isotropic defect layer. The case of CLC layers with an anisotropic
local absorption is also analyzed and, in particular, shown that due to the Borrmann
effect the EM life-times for the EM frequncies at the opposite stop-bans edges may
be signifinately different. The options of experimental observations of the theoretically
revealed phenomena are discussed.

Keywords Chiral liquid crystals; edge and defect modes; low threshold lasing

1. Introduction

Recently there have been much activities in the field of localized optical modes, in partic-
ular, edge modes (EM) and defect modes (DM) in chiral liquid crystals (CLCs) mainly
due to the possibilities to reach a low lasing threshold for the mirrorless distributed
feedback (DFB) lasing [1–4] in CLCs. The EM and DM existing as a localized elec-
tromagnetic eigenstate with its frequency close to the forbidden band gap and in the
forbidden band gap, respectively, were investigated initially in the periodic dielectric struc-
tures [5]. The corresponding EM and DM in CLCs, and more general in spiral media,
are very similar to the EM and DM in one-dimensional scalar periodic structures. They
reveal abnormal reflection and transmission [1, 2], and allow DFB lasing at a low lasing
threshold [3].

Almost all studies of the EM and DM in chiral and scalar periodic media were per-
formed by means of a numerical analysis with the exceptions [6, 7] where the known exact
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82/[548] V. A. Belyakov

Figure 1. Schematic of the boundary problem for edge mode.

analytical expression for the eigenwaves propagating along the helix axis [8, 9] were used
for a general study of the DM. The approach used in [6, 7] looks as fruitful one because it
allows to reach easy understanding of the DM and EM physics, and this is why it deserves
further implementation in the study of the EM and DM.

In the present work, analytical solutions of the EM and DM (associated with an
insertion of a layer in the perfect cholesteric structure and CLCs with local anisotropy of
absorption) are presented and some limiting cases simplifying the problem are considered.

2. The Boundary-Value Problem

To investigate EM in a CLC, we have to consider a boundary problem, i.e. transmission
and reflection of light incident on a CLC layer along the spiral axis [10–12]. We assume
that the CLC is represented by a planar layer with a spiral axis perpendicular to the layer
surfaces (Figure 1). We also assume that the average CLC dielectric constant ε0 coincides
with the dielectric constant of the ambient medium. This assumption practically prevents
conversion of one circular polarization into another at layer surfaces [11, 12], and allows
to have only two eigenwaves with diffracting circular polarization taken into account.
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Optical Localized Modes [549]/83

Figure 2. A typical intensity reflection coefficient for a nobabsorbing CLC layer calculated vs. the
frequency, (shown close to one frequency edge of the stop band).

In the view of refs. [10–13], we state here only the final expressions for the amplitude
transmission T and reflection R coefficients for light incident on a CLC layer of thickness
L. These are given as

R(L) = δ sin qL/
{
(qτ/κ2) cos qL + i

[
(τ/2κ)2 + (q/κ)2 − 1

]
sin qL

}
(1a)

T(L) = exp[iκL](qτ/κ2)/
{
(qτ/κ2) cos qL + i

[
(τ/2k)2 + (q/κ)2 − 1

]
sin qL

}
. (1b)

where,

q = κ
{

1 + (τ/2κ)2 − [(τ/κ)2 + δ2]-
}-

and, ∈0 = (ε‖ + ε⊥)/2, δ

= (ε‖ − ε⊥)/(ε‖ − ε⊥).

Here δ is the dielectric anisotropy with ε|| and ε⊥ as the local principal values of the CLC
dielectric tensor [10–12], κ = ω∈0 /c with c as the speed of light, and τ = 4π /p with p as
the cholesteric pitch.

Figure 2 demonstrates that the values of the reflection coefficient are strongly os-
cillating functions of the frequency close to the stop-band edges. The same is happen-
ing with the eigenwave amplitudes excited in the layer [13, 14]. At the points of max-
ima close to the stop-band edges, the eigenwave amplitudes are much larger than the
incident wave amplitude. It turns out that the frequencies of the eigenwave amplitude
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84/[550] V. A. Belyakov

maxima coincide with the frequencies of zero reflection for a nonabsorbing CLC (see
Figure 2).

3. Edge Mode (Non-Absorbing Liquid Crystal)

In a non-absorbing CLC, γ = 0 in the general expression for the dielectric constant ε =
e0(1+iγ ). The calculations of the reflection and transmission coefficients as functions of
the frequency in accordance with Eqs. (1) (Figure 2) give the well-known results [8–12],
in particular, T+R = 1 where the notations R and T here are the intensity reflection and
transmission coefficients, respectevely for all frequencies.

The mentioned relation between the amplitudes of eigenwaves excited in the layer and
incident waves at the specific frequencies shows that the energy of radiation in the CLC at
the layer thickness for these frequencies is much higher than the corresponding energy of
the incident wave at the same thickness.

Hence, in complete accordance with ref. [13], we conclude that at the corresponding
frequencies, the incident wave excites some localized mode in the CLC. To find this
localized mode, we have to solve the homogeneous system of linear equations [14].

The solvability condition for this homogeneous system determines the discrete fre-
quencies of these localized modes:

tgqL = i
(
qτ/κ2

)
/
[
(τ/2κ)2 + (q/κ)2 − 1

]
(2)

Generally, solutions to Eq. (2) for the EM frequencies ωEM can to be found only
numerically. The EM frequencies ωEM turn out to be complex, which can be presented as
ωEM = ω(1+i	) where 	 is a small parameter in real situations.

Fortunately, an analytical solution can be found for a sufficiently small 	 ensuring the
condition LIm(q) << 1. In this case, ω and 	 are determined by the conditions qL = nπ

and

	 = −-δ (nπ )2 / (δLτ/4)3 , (3)

where the integer number n is the edge mode number (n = 1 corresponds EM frequency
(reflection coefficient minimum) closest to the stop-band edge).

The field distributions corresponding to the EM numbers n = 1, 2, 3 are presented in
Figure 3. It shows that the EM field is localized inside the CLC layer, and its energy density
experiences oscillations inside the layer with the number of the oscillations equal to the
EM number n. However, the total field at each point of the CLC layer is represented by two
plane waves propagating in the opposite directions [14].

Thus, the intensities of the waves propagating in the opposite directions can be calcu-
lated separately at any point in the layer. These distributions are of a special interest close
to the layer surfaces. It happens that at the layer surface, the intensity of the wave directed
inside the layer is strictly zero, but the intensity of the wave propagating outside the layer
is non-zero (although small) [14]. This means that the EM energy is leaking from the layer
through its surfaces and the EM life-time τm is finite.

For sufficiently thick CLC layers, as the thickness L increases, the EM life-time τm

(as analytical solution shows [14]) increases as the third power of the thickness, and is
inversely proportional to the square of the EM number n. The EM life-time τm is given as

τμ = 1/Im(ωEM) = (L/c) (δL/pn)2 . (4)
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Optical Localized Modes [551]/85

Figure 3. The calculated EM energy (arbitrary units) distributions inside the CLC layer vs. the
coordinate (in the dimensionless units zτ ) for the three first edge modes (δ = 0.05, N = 16.5, n =
1,2,3).

4. Absorbing Liquid Crystal

For the beginning we assume for simplicity that the absorption in the LC is isotropic. We
define the ratio of the imaginary part to the real part of the dielectric constant as γ , i.e.
ε = e0(1+iγ ). Figure 4 illustrates the 1-R-T, i.e. the absorption in the layer, dependence
on the frequency for a positive γ , where here R and T are now the intensity reflection

Figure 4. The absorption 1-R-T calculated vs. the dimensionless frequency ν = δ[2(ω - ωB)/(δωB)
-1] used also in all figures below, (l = 300, l = Lt = 4pN, δ = 0.05) for γ = 0.001.
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86/[552] V. A. Belyakov

Figure 5. Schematic of the structure with a defect layer (DMS).

and transmission coefficients, respectevely. Now R+T < 1. It happens that, for each n, the
maximum absorption (i.e. maximal 1-R-T), occurs for

(nπ )2 = a3 γ (5)

where a = δLτ /4 (in a typical situation, a >> 1). From Eq. (5),it follows that the maximum
absorption occurs for a special relation between δ, γ and L. As was shown in refs. [11,
15], just at the frequency values determined by Eq. (5), the effect of anomalously strong
absorption reveals itself for an absorbing chiral LC (Figure 4).

5. Amplifying Liquid Crystal

We now assume that γ < 0, which means that the CLC is amplifying. If |γ | is sufficiently
small, the waves emerging from the layer exist only in the presence of at least one external
wave incident on the layer. In this case, R+T > 1 (or 1-R-T < 0), which just corresponds
to the definition of an amplifying medium.

However, if the imaginary part of the dielectric tensor (i.e. γ ) reaches some critical
negative value, the quantity (R+T) diverges and the amplitudes of waves emerging from
the layer are nonzero even for zero amplitudes of the incident waves. The corresponding
γ is a minimum threshold gain at which the lasing occurs. The equation determining the
threshold gain (γ ) coincides with Eq. (2). However, it should be solved now not for the
frequency but for the imaginary part of the dielectric constant (γ ).

For a very small negative imaginary part of the dielectric tensor (|γ |) and L|Im(q)| � 1,
the threshold values of the gain for the EM can be represented by analytic expression [14]:

γ = −δ (nπ )2 / (δLτ/4)3 . (6)

6. Boundary-Value Problem for Defect Mode

The defect mode structure (DMS), which is under consideration here, is shown in Figure 5.
The solution to the boundary problem is carried out in the similar way as for a CLC layer
above. As such, we give below the final results (all the simplifications assumed above for
the CLC layer are implemented for the DMS too).

There is an option to obtain formulas determining the optical properties of the structure
depicted in Figure 5 via the solutions found for a single CLC layer [14]. If one uses the
expressions for the amplitude transmission T(L) and reflection R(L) coefficients for a single
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Optical Localized Modes [553]/87

cholesteric layer (1a) and (1b) (see also[11, 12]), the transmission and reflection intensity
coefficients for the whole structure may be presented in the following forms:

T(d, L) = ∣∣[TeTd exp(ikd)
]
/ [1 − exp(2ikd) RdRu]|2 , (7)

R(d, L) = ∣∣{Re + RuTeTu exp (2ikd) /
[
1 − exp (2ikd) RdRu

]}∣∣2
, (8)

where Re(Te), Ru(Tu) and Rd(Td) (Figure 5) are the amplitude reflection (transmission)
coefficients of the CLC layers (Figure 1) for the light incidences on the outer (top) layer
surface, the inner top CLC layer surface from the inserted defect layer, and the inner bottom
CLC layer surface from the inserted defect layer, respectively. It is assumed in deriving
Eqs. (7) and (8) that the external beam is incident on the structure (Figure 5) from the above
only.

The calculated reflection spectra inside the stop band for the structure of Figure 5
for non-absorbing CLC layers are presented in Figure 6. The figures show the minima
of R at some frequencies inside the stop band at positions which depend on the defect
layer thickness d. The corresponding minima of R(d,L) and maxima of T(d,L) happen at
frequencies corresponding to the DM frequencies [1–3, 6, 7].

For the layer thickness d = p/4, which is just one-half of the dielectric tensor period in
a CLC, these maxima and minima are situated just at the stop band center. In the d/p interval
0 < d/p < 0.5, the value of DM frequency moves from the high frequency stop band edge to
the low frequency one. Figure 6 presents only R(d,L) because, for a non-absorbing structure
1 -R(d,L) -T(d,L) = 0. Figure 6 shows that, at some frequency, the reflection coefficient
R(d,l) = 0. From Eq. (8), one finds that the equation determining the frequencies of the
reflection coefficient zeros is presented by the formula:

Re

[
1 − exp(2ikd)RdRu

] + RuTeTu exp(2ikd) = 0. (9)

7. Defect Mode

Similarly to the case of EM, the DM frequency ωD is determined by the zeros of the
determinant of the system corresponding to the boundary-value solution for the structure
depicted in Figure 5 [16, 17]. The determinant zero value can be explicitly given as

{exp (2ikd) sin2 qL − exp (−iτL)
[
(τq/κ2) cos qL

+i
(
(τ/2κ)2 + (q/κ)2 − 1

)
sin qL

]2
/δ2]} = 0. (10)

It is to be noted that, for a non-absorbing CLC, at a finite length L Eq. (10) does not
reach zero for a real value of ω. However, it can reach zero when ω is complex.

Using Eq. (8), the dispersion Eq. (10) may be reduced to the expression containing the
amplitude reflection coefficients R(L) of the CLC layers. Thus, one can finally have

1 − R(L)dR(L)u exp(2ikd) = 0 (11)

The field of DM in each CLC layer is a superposition of two CLC eigenmodes [11, 12],
and can be easily found. In particular, the coordinate dependence of the squared modulus
of the whole field is presented in Figure 7. It shows that, for larger dielectric anisotropy δ,
the DM field presents a more sharp growth toward the place where the defect layer occurs.
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88/[554] V. A. Belyakov

Figure 6. R(d,L) vs. the frequency for a non-absorbing CLC (γ = 0) at d/p = 0.1 (top) and d/p =
0.25 (bottom); δ = 0.05, l = 200, l = Lτ = 4πN, where N is the director half-turn number at the
CLC layer thickness L.

Similarly to the EM case, at the external surfaces of the DMS, only the amplitude of the
wave directed toward the defect layer reduces strictly to zero [16, 17].

The amplitude of the wave directed outwards is small, but does not reduce to zero. This
is why there is a leakage of the DM energy outwards through the external surfaces of the
DMS. The ratio of the corresponding energy flow to the whole DM energy accumulated in
the DMS determines the inverse life-time.

For non-absorbing CLC layers, the only source of decay is the energy leakage through
their surfaces. The analysis of the corresponding expressions [16, 17] shows that the DM
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Optical Localized Modes [555]/89

Figure 7. Coordinate dependence of the squared amplitude of the DM field (arbitrary units) at the
DM frequency for various dielectric anisotropies (from the top to the bottom d = 0.05, 0.04, 0.025)
and the defect layer thickness δ = p/4 for the cholesteric layer thickness L = 50(p/2).

lifetime τm is dependent on the position of the DM frequency ωD inside the stop band, and
reaches a maximum just at the middle of the stop band, i.e. at k = τ /2.

8. Thick CLC Layers

In the case of DMS with thick CLC layers ((|q|L�1)), some analytical results related to
DM can be also obtained similarly as for the EM. In particular, the defect mode life time
τ reaches a maximum for the defect mode frequency at the stop band center at fixed CLC
layers thickness. For the DM frequency at the middle of the stoop band, i.e. at k = τ /2, the
DM life time τm is given by

τm = [
(3π/cτ ) (L/p) ∈-

0 exp
[
2πδL/p

]
. (12)

Equation (12) reveals an exponential increase of τm with increase of the CLC thickness
L.

9. Absorbing and Amplifying Liquid Crystals

To take into account the absorption, we again assume ε = e0(1+iγ ). There are some inter-
esting peculiarities of the optical properties of the structure under consideration (Figure 5).
The total absorption at the DM frequency behaves itself unusually. For a small γ , the
absorption at the DM frequencies occurs to be much more than the absorption out of the
stop band [17]. It is a manifestation of the so-called anomalously strong absorption effect
known for perfect CLC layers at the EM frequency [11, 15].

So, at the DM frequency ωD, one sees that the effect of anomalously strong absorption
(similar to the one for EM [11, 15]) exists [16, 17]. Moreover, the absorption enhancement
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for DM for small γ is higher than that for EM. In the case of thick CLC layers, the
dependence of γ on L and other parameters ensuring maximal absorption may be found
analytically. For the position of ωD just in the middle of the stop band, the expression for
γ ensuring maximal absorption takes the following form

γ = (4/3π )(p/L) exp[−2πδ(L/p)] (13)

The results for the transmission and reflection coefficients at γ < 0 show that, for a
small absolute value of γ , the shapes of the transmission and reflection coefficients are
qualitatively the same as for zero amplification (γ = 0). For a growing absolute value of
γ , a divergence of R(d,L) and T(d,L) happens at some point [16, 17] with no signs of
noticeable maxima at other frequencies. The corresponding value of γ may be considered
as close to the threshold value of the gain for the DFB lasing at the DM frequency.

Continuing the increase of the absolute value of γ , one finds that the diverging maxima
for R(d,L) at the EM frequencies appear (without traces of maximum at the DM frequency)
for the gain being approximately four times more than the threshold gain for the DM [16,
17].

The observed results show that the DM lasing threshold gain is lower than the corre-
sponding threshold for the EM. Another conclusion revealed from this study is the existence
of some interconnection between the LC parameters at the lasing threshold, which for thick
CLC layers was found analytically for DM (see [16, 17] and Eq. (6) for the EM). A con-
tinuous increase of gain results in consequential appearance of lasing at new EM; with the
disappearance of lasing at the previous EMs corresponding to lower thresholds (what was
experimentally observed [3]).

The mentioned above interconnection between the LC parameters at the lasing thresh-
old in the case of thick CLC layers may be found analytically. If the DM frequency ωD is
located at the stop band center, the corresponding interconnection for the threshold gain
(γ ) is given by the formula in Eq. (13) with a negative sign on the right-hand-side of the
expression. Equation (13) gives that exponentially small value of for thick CLC layers
confirms the statement mentioned above about lower lasing threshold for DM compared to
EM.

The defect type considered above is a homogenous layer. The developed approach is
applicable also to a defect of phase jump type [2, 3, 6, 7], and therefore, the corresponding
results are practically the same as above. Namely, one gets the equations related to the case
of a phase jump defect if one performs in the equations presented above a substitution in
the factor exp(2ikd), instead of 2kd, the quantity 	ϕ should be inserted, where 	ϕ is the
spiral phase jump at the defect plane.

11. Defect Mode with an Active Defect Layer

The DMs studied above are related to isotropic defect layers. Recently a lot of new types
of defect layers have been studied [18–24]. The studies performed in [25–28] were limited
to a birefringent or absorbing (amplifying) layer inserted in a chiral liquid crystal. The
reason for that is connected to the experimental [23, 29] and theoretical [30-32] research
on the DFB lasing in CLC where a defect layer is birefringent or absorbing (amplifying)
with a general idea that the unusual properties of DM manifest themselves most clearly
just at the middle of DMS, i.e. at the defect layer where the intensity of the DM field
reaches its maximum. The analytic approach in the study of a DMS with a birefringent or
absorbing (amplifying) defect layer is very similar to the previously performed DM studies
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Optical Localized Modes [557]/91

for isotropic defect layer [16, 17]. Therefore, we state here the final results of the present
investigation with the suggestion to the readers to go through refs. [16, 17] for a detailed
approach.

An analytical solution of the DM associated with an insertion of a birefringent or
absorbing (amplifying) defect layer in the perfect cholesteric structure was presented for
light propagating along the helical axes in [25–28]. The general conclusion of the works
[25–28] is that the active layer (excluding an amplifying one) reduces the DM lifetime and
increase the lasing threshold in comparison with the case of DM at an isotropic defect layer.

12. Liquid Crystals with Locally Anisotropic Absorption

The discussed above case of isotropic absorption in CLC does not cover all options hap-
pening in CLC. For example, quite common is alignment of dye molecules with clearely
presented absorption lines in liquid crystals. If the director distribution in a liquid crystal
sample is not homogenious (what is the case of CLC) the local anisotropy of absorption in
the sample exists and manifests itself in some circumstances [11, 12]. The corresponding
effects depend on the value of liquid crystal order parameter and disappeare if the order
parameter value is zero, i.e. at the point of liquid crystal phase transition to liquid. The
corresponding effects in the transmission and reflection spectra, in particular Borrmann ef-
fect, were studied both experimentally [33, 34] and theoretically [11, 12, 33]. In the present
section the influence of local anisotropy of absorption on characteristics of localized modes
is theoretically studied.

So, let us begin from discussing of the dielectric tensor of a substance with anisotropic
absorption. The principal values of corresponding dielectric tensor are complex and have
different imaginary parts. In general case all three imaginary parts are different. For sim-
plification of the problem we shall asume that only two principal values of dielectric tensor
are complex. Returning to the CLC we assume that the axis corresponding to a real prin-
cipal value of the dielectric tensor is directed along the spiral axis and two other axes
corressponding to complex principal values are rotating around the spiral axis. These ro-
tating axes determine the local depending on the coordinate along spiral axis direction of
absorption anisotropy.

It is why now we have to insert two complex principal values of dielectric tensor
in the expressions for dielectric anisotropy after formulas (1). As the result the dielectric
anysotropy δ becomes a complex quantity. Luckelly, the expressions for reflection and trans-
mission coefficients (1) are exact and are applicable to the case of anisotropic absorption
which is under concideration here.

As we expect the local absorption anisotropy reveal itself in DMS reflection and trans-
mission spectra due to the Borrmann effect [11, 12, 33]. Figures 8 and 9 demonstrate
Borrmann effect in reflection for a CLC layer and DMS with local absorption anisotropy.
Figures 8 and 9 present the calculation results and show that the stop-band edges be-
come nonequivalent in scattering spectra (for no-nabsorbing CLC or CLC with isotropic
absorption the reflection is symmetric relative to the stop-band center).

The reflection coefficient value close to the frequencies of one stop-band edge is
much more large than close to the frequencies of the other stop-band edge. Figures 10
and 11 demonstrate Borrmann effect in transmission for a CLC layer and DMS with
local absorption anisotropy. Figures 10 and 11 show that the stop-band edges are also
nonequivalent in transmission spectra.
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Figure 8. Borrmann effect in reflection for EM (see Fig.1) for locally anisotropic absorption in CLC
at δ = 0.05 +0.03i, N = 300.

The transmission coefficient value close to the frequencies of the same as for the
reflection stop-band edge is much larger than close to the frequencies of the other stop-
band edge.

Naturally, that the total absorption (1 – R – T) has to be different at the stop-band edges
Figures 12 and 13 demonstrate that due to the Borrmann effect existing in transmis-

sion and reflection spectra for a CLC layer and DMS with local absorption anisotropy a
suppression of the total absorption occurs at the frequencies close to one of the stop-band
edges.

Figure 9. Borrmann effect in reflection for DMS (see Fig. 5) for locally anisotropic absorption in
CLC at δ = 0.05 +0.003i, N = 75, d/p = 0.1.
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Figure 10. Borrmann effect in transmission for EM for locally anisotropic absorption in CLC at
δ = 0.05 +0.015i, N = 300.

The strength of the discussed effect depends on the order parameter value and the effect
disappear for zero order parameter value being at the maximum at its value equal to 1.

The presented reflection and transmission spectra for EM and DM show that the EM
and DM life times in the case of a local absorption anisotropy in CLC depends on the

Figure 11. Borrmann effect in transmission for DMS for locally anisotropic absorption in CLC at
δ = 0.05 +0.003i, N = 75, d/p = 0.1.
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Figure 12. Total absorption in CLC layer for locally anisotropic absorption in CLC at δ = 0.05 +
0.015i, N = 300 (see Fig.1).

localized mode frequency position relative the stop-band edge frequency growing with
approach of the localized mode frequency to the stop-band edge frequency where the
manifestation of the Borrmann effect takes place. To find the EM and DM life times in the
general case one has to solve numerically the dispersion Equations (2) and (10) for EM and
DM, respectively. However for sufficiently thick CLC layers an analytical solution may be
found.

For example, if the CLC layer thickness L is sufficiently large and the role of inevitably
present in real situations isotropic absorption in the determining of the EM life-time exceeds

Figure 13. Total absorption in DMS for locally anisotropic absorption in CLC (see Fig. 5) at δ =
0.05 +0.003i, N = 75, d/p = 0.1.
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the role of energy leakage through the layers surfaces the ratio of life-time at the edge
frequencies may be estimated by the following expression:

τB/τAB = ωEM(∈0 γ + 2 ∈0 Imδ + 1/τm)/(ωEM ∈0 γ + 1/τm), (14)

where τB, τAB, τm are the life-time at the stop-band edge where the Borrmann effect
happens, at the opposite edge, at the edges in the case of non-absorbing CLC (see (4)),
respectively, and γ is the determining isotropic component of absorption quantity given by
the same as above expression ε = e0(1 + iγ ). If γ is approaching zero what is happening
when the order parameter is approaching 1 (if we neglect all sources of absorption except
the dye) τB is coinciding with τm given by (4), what corresponds complete suppression of
absorption for EM at the stop-band edge frequency in the case of CLC with local anisotropy
of absorption. At the opposite stop-band edge frequency the absorption is enhanced and
the EM life-time being proportional to 1/2∈0 Im δ is shorter than τm.

13. Conclusion

The performed analytical description of the EM and DM (neglecting the polarization
mixing) allows one to reveal clear physical pictures of these modes, which is applicable to
the EM and DM in general. For example, lower lasing threshold and stronger absorption
at the DM frequency compared to the EM frequencies are the features of any periodic
media. Note that the experimental studies of the lasing threshold in ref. [3] agree with the
corresponding theoretical results [25–28]. Moreover, the experiment ref. [3] confirms also
the existence of some interconnection between the gain and other LC parameters at the
threshold pumping energy for lasing at the DM and EM frequencies. For a special choice of
the parameters in the experiment, the obtained formulas may be directly applied. However,
one has to generally take into account a mutual transformation at the boundaries of the
two circular polarizations of opposite sense. In the general case, the EM- and the DM-field
leakages from the structure are determined as well by the finite CLC layer thickness. Only
for sufficiently thin CLC layers, or in the case of the DM frequency being very close to the
stop-band frequency edges, the main contribution to the frequency width of the EM and
DM is due to the thickness effect, and the above developed model may be directly applied
for describing of the experimental data.

The results related to CLCs with local anisotropy of absorption may be useful for
optimizing of DFB lasing. Really, the corresponding theoretical predictions show what one
of the two stop-band frequencies is preferable for obtaining the most lower lasing threshold.

An important result related to the DFB lasing at DMS with active defect layer [25–28]
may be formulated. The lasing threshold gain in defect layer decreases with the decrease
in layer thickness. The similar result relates to the effect of anomalously strong absorption
phenomenon where the value of gain in the defect layer (ensuring a maximal absorption)
is almost inversely proportional to the defect layer thickness. Note that the obtained results
are qualitatively applicable to the corresponding localized electromagnetic modes in any
periodic media, and may be regarded as a useful guide in the studies of the localized modes
with an active defect layer in general. It should also be mentioned also that the localized
DM and EM reveal themselves in an enhancement of some inelastic and nonlinear optical
processes in photonic LCs. For examples, the experimentally observed effects for the
enhancement of nonlinear optical second harmonic generation [35] and lowering of the
lasing threshold [36] in photonic LCs have to be mentioned along with the theoretically
predicted enhancement of Cerenkov radiation [11, 12]. Finally, the results obtained here for
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the EM and DM (see also [16] and [32]) clarify the physics of these modes, and manifests a
complete agreement with the corresponding results of the previous investigations obtained
by implementing numerical approach [13].
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